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Transitions from a paired quantum Hall state to another quantumHall state in bilayer systems are
discussed in the framework of the edge theory. Starting from the edge theory for the Haldane-Rezayi
state, it is shown that the charging effect of a bilayer system which breaks the SU(2) symmetry of
the pseudo-spin shifts the central charge and the conformal dimensions of the fermionic fields which
describe the pseudo-spin sector in the edge theory. This corresponds to the transition from Haldane-
Rezayi state to Halperin’s 331 state, or singlet d-wave to triplet p-wave ABM type paired state in the
composite fermion picture. Considering interlayer tunneling, the tunneling rate-capacitance phase
diagram for the ν = 5/2 paired bilayer system is discussed.
A bilayer quantum Hall system can be mapped to an
equivalent spin-1/2 system by assigning ↑(↓) pseudo spins
to electrons in the upper (lower) layer, [1] where the ac-
tual electron spins are assumed to be polarized. At finite
layer separation, the Hartree part of the electron-electron
repulsive interaction produces a local capacitive charging
energy that is minimized when the two layers have equal
electron density. Especially for the ν = 1/(odd integer)
quantum Hall ferromagnet, the expectation value of the
z-component of the pseudo spin vanishes and the pseudo
spin system has an easy-plane anisotropy that gives the
itinerant ferromagnet with an XY symmetry in the ab-
sence of interlayer tunneling. The characteristic parame-
ters are the distance between the layers, the interlayer
tunneling rate, and the electric capacitance etc. The
grand state is characterized by these parameters. The
simplest Abelian quantum Hall state for the bilayer sys-
tem is described by the two-component generalization of
the Laughlin wave function first introduced by Halperin
as [2]
Ψmmn =
∏
i<j
(z↑i − z↑j )m
∏
i<j
(z↓i − z↓j )m
∏
i,j
(z↑i − z↓j )n,
(1)
where we abbreviated the factor e−
1
4
∑
(|z↑
i
|2+|z↓
i
|2). In
the case of ν = 1/2, (m,m, n) = (3, 3, 1), and the wave
function is rewritten as
Ψ331 = det
(
1
z↑i − z↓j
)
Ψ222. (2)
This state is called 331-state.
Haldane and Rezayi have proposed a two-component
singlet wave function to explain the quantum Hall effect
at ν = 5/2. [3,4] This state is an exact grand state of the
hollow-core model and is given by
ΨHR = det
(
1
(z↑i − z↓j )2
)
Ψ222, (3)
which is called Haldane-Rezayi(HR) state.
In above two states the electron spins are unpolarized.
Moore and Read proposed spin polarized state which is
described by the trial function; [5]
ΨPf = Pf
(
1
zi − zj
)∏
i<j
(zi − zj)2, (4)
This state is called Pfaffian state. Pf(Mij) means
A
∏
iM2i−1,2i. Greiter et al. studied the Pfaffian state
as a paired state of the composite fermions. [6,7] Ho con-
sidered interesting connections between the internal or-
der in these types of wave functions and analogous order
in superfluid 3He. [8] The order parameter symmetry is
triplet p-wave with ABM and A1 type in
3He for 331
and Pfaffian state, respectively. Similarly HR state can
be regarded as d-wave paired state. [9]
The wave functions for the grand state and the excited
states in these paired states are interpreted as the correla-
tion functions of proper conformal field theories(CFT). In
the case of the Pfaffian, 331, and HR states, correspond-
ing theories have a central charge c = 1+1/2, 1+1, 1−2.
[5,10–12] These conformal theories also describe the edge
excitations on the boundaries of the sample. In the even-
denominator quantum Hall regime such as ν = 1/2 and
5/2, the grand state was used to be considered as one of
these three states. Recently, Read and Green argued that
the HR state is right at bulk transition point between
weak and strong pairing d-wave sates. [9] In this paper
we discussed another direction of the developments which
is the grand state of the bilayer systems. Let us consider
the charging effect and interlayer tunneling which are de-
scribed in terms of the pseudo spin as
HU = ǫc
∫
d2x (Sz(x))2 , (5)
and
HT = −∆SAS
∫
d2xSx(x), (6)
1
respectively. Latter is regarded as Zeeman term for
pseudo-spin. It is well known that introducing a Zee-
man term the pseudo-spins align to the direction of
the (pseudo) magnetic field, and pseudo-spin polariza-
tion transition occurs. This process corresponds to the
331-Pfaffian transition which is argued in Ref 8). On
the other hand, we can expect that if the introduced
anisotropy is XY (i.e. easy-plane) type, the singlet-triplet
transition might appear.
In this paper we describe the latter transition which
occurrs between the HR and 331 due to the charging ef-
fect in the bilayer system with hollow-core interaction
which is perturbed by layer separation in the framework
of the edge theory. Our results predict that the 331 state
is favored for the charging term. This is consistent with
a numerical studies [13,14] for realistic interaction.
The edge theory is first established by X.G. Wen [15,16]
and the connection with the bulk wave function is indi-
cated by Moore and Read. [5]
First we review this connection for the ν = 1/q Laugh-
lin state. The grand state wave function is written as the
correlation function of the c = 1 CFT.
ΨLn =<
Ne∏
i=1
ψe(zi)Φ∆ >, (7)
where ψe(z) =: e
i
√
qφ(z) : is the electron field operator,
Φ∆ =: e
−iρ0
∫
d2z
√
qφ(z) : is the primary field which has
the conformal dimension ∆ = qNe/2, and we ignore the
singular phase which is derived from the right hand side
of eq.(7). The c = 1 CFT is represented by the action of
the free bosonic field
S =
∫
d2x
1
2π
∂φ∂φ, (8)
where z is the complex coordinate, the correlation expo-
nent of the theory is given as K = ν. The edge excita-
tions are connected with the angular momentum excita-
tions of the bulk. For a disc geometry, the Hamiltonian
for edge modes is given as
H =
2πv
L
L0, (9)
where L0 =
1
2J
2
0 +
∑∞
n>1 JnJ−n is the holomorphic part
of the zero-component of the Virasoro algebra which can
be regarded as the z-component of the total orbital an-
gular momentum, J is the Kac-Moody current, and we
ignore the correction term which is proportional to the
central charge.
Now we come back to the present bilayer case. The
edge theory of the paired quantum Hall state has an in-
ternal degree of freedom which corresponds to the pseudo
spin in the bilayer systems. The additional prefactor to
Laughlin-Jastrow type factor of the three paired state
wave functions in eqs.(2)-(4) arise from these pseudo spin
mode.
The edge theory for the 331 state is described by the
Hamiltonian
H331 =
1
4π
∫
dx vIJ : ∂xφI∂xφJ :, (10)
where vIJ is a symmetric matrix which depends on the
confining potential and interchannel interactions at the
edge. [5,16] The commutation relations of the bosonic
fields are [φI(x), φJ (x
′)] = iπKIJsgn(x− x′), where K is
the K-matrix given as [17]
K =
(
3 1
1 3
)
. (11)
In the charge-pseudo spin basis, φc =
1√
ν
(φ↑+φ↓), φs =
φ↑ − φ↓, the two components can be separated as
H331 =
1
4π
∫
dx
[
vc : (∂xφc)
2
: +vs : (∂xφs)
2
:
]
. (12)
Both charge and spin sectors are also written as the
free bosonic form which have the correlation exponent
Kc = ν,Ks = 1, respectively. The electron operator is
given by ψe↑ = e
i√
ν
φc+iφs , ψe↓ = e
i√
ν
φc−iφs . Because the
case Ks = 1 is equivalent to the free fermion theory, the
spin sector Hamiltonian is also described by
Hs331 = −iv
∫
dx ψ†∂xψ =
2πv
L
L0, (13)
where the fermionic field ψ is related to the bosonic field
by ψ = eiφs , and L0 =
1
2 (J
z
0 )
2+
∑∞
n>1 J
z
nJ
z
−n, J
z = i∂φs
is the z-component of the pseudo-spin current density on
the edge.
As we mentioned above, the spin sector corresponds to
the degrees of the freedom of the pairing. Actually the
equality
det
(
1
z↑i − z↓j
)
=<
∏
i,j
ψ†(z↑i )ψ(z
↓
j ) > (14)
can be derived.
In the HR state, the electron operator is written as
ψeσ = ∂θσe
i
√
2φc , The determinant part of the wave func-
tion is reconstructed by the conformal field theory of the
fermionic ghost field as
det
(
1
(z↑i − z↓j )2
)
=<
∏
i,j
∂θ↑(z
↑
i )∂θ↓(z
↓
i ) >,
that corresponds to the spin sector of the edge excita-
tion. On the other hand, the charge sector is same as
the theory for the 331 state. The spin sector of the edge
excitations is described by
θ↑ =
√
2π
L
∑
k>0
1√
k
(ck↑eikx + ck↓e−ikx)
θ↓ =
√
2π
L
∑
k>0
1√
k
(ck↑eikx − ck↓e−ikx). (15)
2
The Hamiltonian is given as [11,12]
HsHR =
∫
dx
vs
4π
: (∂xθ↑∂xθ↓ + ∂xθ
†
↑∂xθ
†
↓) :
=
∑
k>0
vsk
(
c†k↑ck↑ + c
†
k↓ck↓
)
, (16)
which has the global SU(2) symmetry with the total spin
generator
Sz =
1
2
∑
k>0
(c†k↑ck↑ − c†k↓ck↓),
S+ =
∑
k>0
c†k↑ck↓, S− =
∑
k>0
c†k↓ck↑. (17)
To go on our argument further, we convert to the
(ξ, η)−representation:
SsHR =
∫
d2x
1
2π
(
η∂ξ + η∂ξ
)
, (18)
where the field η = ∂θ↑ and ξ = θ↓ are fermionic field
which satisfy
< ξ(z)η(ω) >=
1
z − ω . (19)
The conformal dimensions of the ξ and η are 0, 1, respec-
tively. The energy-momentum tensor is derived from (18)
as
T (z) = : ∂ξη(z) :
= −1
2
: (η∂ξ − ∂ηξ)(z) : +1
2
: (∂ξη + ξ∂η)(z) :
=
1
2
Jz(z)2 +
1
2
∂Jz(z), (20)
where Jz(z) =: ξη(z) :. Calculating the operator product
expansion;
T (ω)η(z) =
1
(ω − z)2 η(z) +
∂η(z)
ω − z + · · · , (21)
T (ω)ξ(z) =
0
(ω − z)2 ξ(z) +
∂ξ(z)
ω − z + · · · , (22)
T (ω)T (z) =
−1
(ω − z)4 +
2T (z)
(ω − z)2 + · · · , (23)
we can check the conformal dimension of the field η and
ξ and the central charge c = −2 directly. The zero-
component of the energy-momentum tensor is
Lc=−20 =
1
2
Jz0 (J
z
0 − 1) +
∞∑
n>0
JznJ
z
−n. (24)
Then the spin sector of the edge Hamiltonian for HR-
state eq.(16) is also written as
HsHR =
2πv
L
Lc=−20 . (25)
Now we consider the charging effect. On the edge, the
charging Hamiltonian (5) is rewritten as
HU =
∫
dx gJz(x)2 (26)
where a constant g is proportional to ǫc in (5).
The total Hamiltonian is given by
H = Hc +HsHR +HU
= Hc +
2πvs
L
(
1
2
(Jz0 )
2 +
∞∑
n>0
JznJ
z
−n − αJz0 ). (27)
where vs = v + gL/2π is the renormalized velocity, and
α = v/(v + gL/2π). For a large g, the last term of the
eq.(27) can be ignored and the spin sector is modified as
below. The energy-momentum tensor which derive the
Hamiltonian eq.(27) with α = 0 is
Teff(z) =
1
2
(Jz(z))
2
= −1
2
: (η∂ξ − ∂ηξ) :
This mechanism is called spectral flow which originally
discussed in Ref [18–22]. The conformal dimensions of
the fermion fields become ∆ξ = ∆η = 1/2. Using Wick’s
theorem we can check it in the operator product expan-
sion:
Teff(ω)η(z) =
1/2
(ω − z)2 η(z) +
∂η(z)
ω − z + · · · , (28)
Teff(ω)ξ(z) =
1/2
(ω − z)2 ξ(z) +
∂ξ(z)
ω − z + · · · . (29)
Not only the conformal dimensions of the fermion fields
but the central charge of the spin sector is also shifted
from c = −2 to unity. So we can rewrite the fermionic
field as
ψ ≡ η =
√
2π
L
∑
fke
ikx
ψ† ≡ ξ =
√
2π
L
∑
f †ke
−ikx, (30)
and the Hamiltonian as
Hseff =
∫
dx
2π
ψ†
(
−ivs
∂
∂x
)
ψ
=
∑
k
vsk f
†
kfk. (31)
In eq.(31), the global SU(2) symmetry represented by
eq.(17) is reduced to U(1) XY symmetry. This modified
theory can be reconciled with the spin sector for the 331
state. Therefore due to the charging effect, the HR-331
transition occurs.
Next we discuss the effect of interlayer tunneling (6)
on the edge that causes the pseudo-spin polarization to x
3
direction. So the Hamiltonian (16) become that for the
single component
HsPf =
∑
k>0
vsk c
†
k+ck+
=
∫
dx
2π
χ
(
−ivs ∂
∂x
)
χ, (32)
where ck± = 1√2 (ck↑ ± ck↓) and
χ =
√
2π
L
∑
k>0
(ck+e
ikx + c†k+e
−ikx). (33)
The spin sector χ have the correlation function
Pf
(
1
zi − zj
)
=< χ(z1) · · ·χ(zN ) >, (34)
that contributes to the bulk wave function (4). So these
process is regarded as the polarization transition between
the HR and Pfaffian state. A edge theory discription of
the 331-Pfaffian transition is discussed in Ref. [9].
Finally we consider the tunneling amplitude versus
layer separation d phase diagram. We regard these two
parameter as independent. When the interlayer tunnel-
ing rate is large. the system has effectively one compo-
nent. (i.e. pseudo spin is polarized to the easy-plane.)
This is the Pfaffian state. Contrary, in the regime where
the tunneling amplitude is small, the 331 and HR state
are expected to appear. According to above analysis,
the HR-331 transition occurs as the charging effect is in-
creased. These statements are summarized as Fig.1.
In this paper we have described the pairing symmetry
transition in the bilayer even denominator quantum Hall
states in the framework of the conformal field theories.
Starting from the edge theory of the HR state the charg-
ing term shifts the central charge from c = −2 to c = 1
and the conformal dimensions of the fermion fields. This
is interpreted as the HR-331 transition. In view of the
composite fermion theory, HR state is the d-wave paired
state and 331 state is the p-wave ABM state. So the tran-
sition is from singlet to triplet. Our result shows that the
331 state is favored in the bilayer systems with the finete
layer separation. In the context of our edge theory de-
scription, we cannot know what kind of the transition this
belongs. The detailed investigation of the transitional or
crossover points is left to future problems.
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FIG. 1. The proposed phase diagram where d is separa-
tion between the layers. The polarized state is the Pfaffian
state only. The unpolarized states are 331 and HR state. The
latter state exists as a critical point (dot in the diagram).
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